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Section 7.2 Applications to Thermodynamic Systems

Example 7.2

Determine the spinodal curves for both liquid and vapor phases of a van der Waals fluid.

Solution

We begin with the PVT van der Waals equation of state (vdW EOS) (see Section 8.3)
RT a

Vb2

Using limiting stability criteria to define the spinodal condition, for a pure fluid
(m=n+2=3), we need to evaluate both

W_, __(9P) _,  _ (9P
Yo =Ayy=- =0 and Yy =Apy=-|"75| =0
(E)V}T V> .

where Ayy=Ayyy =0 defines the liquid-vapor critical point. The spinodal curves
themselves are given by Ay, =0, and can be analytically determined by differentiating the

vdW EOS directly:
VI (v-b? Vv

°P|  +2RT 6a
> | = ;-—;=0
V| (v-b V
as well. We can use these two criteria to obtain values of the parameters a and & in terms
of V., T, and P_. Doing this we get

while at the critical point:

V. 27 9
b-? and a——8—RTCb-—§RTC V.

Because V,.is frequently notknown accurately, itis eliminated by using a third relationship,

the vdW EQS itself. Now we obtain the conventional defining equation forms for a and 5
in terms of just 7, and P, with R = gas constant:

a_ngTc2 g poRIC
64 P 8 Pc

Cc

To actually estimate the spinodal curves for a particular fluid, we would need to know 7,
and P, to calculate a and b which we would then use in the two equations Ay, =0 and
Ayyy =0 along with the EOS. However, there is a much more straightforward and general
approach. We can recast the vdW EOS in dimensionless form by scaling 7, P, and V with
values of these parameters at the critical point. Thus, in reduced coordinates:

T.=7/T, P,=P/P, and V. =V/V,

By making these substitutions, we rewrite the vdW EOS as,
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8T PV
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We can now develop completely general spinodal and critical point criteria following the
same procedures that we used before. The results are plotted in Figure 7.6. Note that we
have a cubic equation in V, so there are three roots. Below the critical temperature and
pressure, three real roots are obtained; the largest volume root is taken as the vapor, the
smallest volume root as the liquid, and the intermediate one is rejected because it is inside
the unstable region. To see the three roots pick the T, = 0.9 isotherm and draw a line at a
particular pressure in the vicinity of P, =0.6. For T, > 1.0, there is only one real root, the
two imaginary roots are discarded.

Also shown in Figure 7.6 is the equilibrium liquid-vapor binodal curve which corresponds
to the condition of phase equilibrium developed in Section 6.5 where the chemical potential
of the liquid and vapor phases are equal at T,< 1.0 and particular values of P,
corresponding to the reduced vapor pressure Pvp,rE P,,/P.. Thus along the binodal or
liquid-vapor coexistence curve:
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Figure 7.6 PVT phase diagram for the reduced form of the van der Waals equation
of state. Vapor and liquid equilibrium coexistence (binodal) lines and limits of
stability (spinodal) lines shown (see Example 7.2) [produced with EOS program
from Jolls (1990)].




