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We calculate the full phase diagram of spherical charged colloidal particles using Monte Carlo free
energy calculations. The system is described using the primitive model, consisting of explicit hard-sphere
colloids and point counterions in a uniform dielectric continuum. We show that the gas-liquid critical
point becomes metastable with respect to a gas-solid phase separation at colloid charges Q � 20 times the
counterion charge. Approximate free energy calculations with only one and four particles in the fluid and
solid phases, respectively, are used to determine the critical line for highly charged colloids up to Q �
2000. We propose the scaling law T�c �Q

1=2 for this critical temperature.

DOI: 10.1103/PhysRevLett.98.198301 PACS numbers: 82.70.Dd, 64.60.My, 64.70.�p, 81.30.Dz

Charged colloidal suspensions consisting of
10 nm-1 �m macroions suspended in a solvent with co-
and counterions are found in nature, e.g., as globular
proteins and micelles, but can also be artificially made as
colloidal spheres and other shapes. They are important for
systems ranging from living cells to food and paper prod-
ucts, but are also of fundamental interest due to their
simplicity and yet complex behavior. One of the intriguing
features of charged colloidal suspensions is the ability for
same-charge objects to attract each other. This like-charge
attraction originates from the ion-ion correlations between
the double layers of different colloids and is only present
when Coulomb interactions are strong in comparison to
thermal fluctuations [1,2]. One example of like-charge
attraction is the reduced swelling of lyotropic liquid lamel-
lar phases when monovalent ions are substituted by diva-
lent ions [3,4]. The simplest theoretical model that captures
ion-ion correlations is the so-called primitive model where
the solvent is described as a continuum dielectric and the
colloids and ions are charged hard-spheres. Within the
primitive model, like-charge attraction has been shown to
give rise to a gas-liquid phase coexistence [5,6]. The
location of the gas-liquid critical point has been deter-
mined accurately up to colloid charge Q � 10 times the
counterion charge [5–8], and an approximate scaling rela-
tion has been proposed for 10 � Q � 80 [9]. In many of
the previous studies of the phase diagram of charged
colloids, a combination of grand-canonical Monte Carlo
(MC) simulations and histogram reweighting techniques
[5–8] were used. These methods give gas-liquid critical
points accurately, but are in practice limited to low colloid
charges (Q � 10) and are unable to predict the stability of
solid phases. In this Letter, we use MC free energy meth-
ods to study the full phase diagram of charged colloids,
including solid phases, up to colloid charge Q � 50. We
find that for Q � 20, the gas-liquid critical point becomes
metastable with respect to a gas-solid phase separation. By
using approximate free energy calculations, we are able to
determine a critical line for highly charged colloids up to
Q � 2000.

In our model, the colloids are modeled as hard spheres
with diameter � and point charge �Qq at the center. The
counterions are dimensionless point charges with charge
�q, and the solvent is taken into account implicitly
through the dielectric constant �. Pair interactions are
given as a sum of the hard-sphere and Coulomb potentials.
We use reduced units where the unit of length is the colloid
diameter � and the reduced temperature is defined as T� �
�=q2�B, where �B � e2=�kBT is the Bjerrum length of the
solvent, kB the Boltzmann constant, and T the absolute
temperature. Our system is always charge neutral and
consists of N colloids and QN counterions. Simulations
are done in the NVT ensemble in a cubic box with volume
V and with periodic boundary conditions. We use Ewald
summation with 514 reciprocal space vectors and conduct-
ing boundary conditions. The colloid displacement moves
are accelerated by the use of cluster moves [10,11].

Free energies were calculated using thermodynamic in-
tegration [12], where the Helmholtz free energy is calcu-
lated as a sum of the reference state free energy at T� � 1
and the difference between the reference state and the
target state at T� free energies as

 F�T�	 � Fref�1	 �
Z 1=T�

0
hU�1=�	id�; (1)

where hU�1=�	i is the canonical ensemble average of the
energy at T� � 1=�. In order to have a more slowly vary-
ing integrand, we reparametrized the integral in Eq. (1)
using � � 4=3�3=4. The numerical integration was per-
formed using the Gauss-Legendre method [12,13] with
10–20 integration points. The reference state free energy
Fref is given by the sum of the colloid hard-sphere free
energy FHS and the ideal gas of QN counterions in a
volume excluded by the colloids
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For both the fluid and face-centered-cubic (fcc) phases, the
colloid hard-sphere free energy FHS was obtained from the
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equations of state by Speedy [14,15]. We used a common
tangent construction to calculate the densities of the coex-
isting phases. We also calculated body-centered-cubic
(bcc) solid free energies using a noninteracting Einstein
crystal as a reference state [12]. The bcc solid was found
metastable with respect to fcc in the temperature range
studied in this work.

The free energy calculations for Q � 2, 10, and 20 were
performed in a system with 108 colloidal particles. For
Q � 50, the number of particles was reduced to 32. No
appreciable finite size effects were found when the number
of particles was increased to 256 for Q � 2 and to 108 for
Q � 50. The ensemble averages in Eq. (1) were obtained
from 40 000 (Q � 2 and 10) or 20 000 (Q � 20 and 50)
MC steps (trials to displace each particle once) after first
equilibrating during 10 000 (Q � 2 and 10) or 5 000 (Q �
20 and 50) MC steps. Each of the 10–20 ensemble aver-
ages needed in the numerical integration of Eq. (1) is
independent of each other. This allowed us to make a trivial
parallelization by performing the simulations indepen-
dently on multiple (10–20) CPUs.

Figures 1(a)–1(d) show the phase diagrams for colloid
charges Q � 2, 10, 20, and 50, respectively, in the packing
fraction � � ��3N=6V, reduced temperature T� repre-
sentation. The right-hand axis shows an inverted Q=T�

scale. The shaded areas denote phase coexistence regions
where the tie lines are horizontal and the size of the
symbols is comparable to statistical uncertainties. For
chargesQ � 2 andQ � 10 [Figs. 1(a) and 1(b)], the phase
diagram has a stable gas-liquid critical point at low density,
a fluid-solid coexistence at high density, and a broad gas-
solid coexistence at temperatures below the triple point.
Comparison between Figs. 1(a) and 1(b) shows how the
temperature difference between the critical point (marked
by the star) and triple point (marked by the triangle) is
reduced in going from Q � 2 to Q � 10. This trend con-
tinues with increasing charge and in the phase diagram for
Q � 20, shown in Fig. 1(c), the gas-liquid critical point is
metastable with respect to a gas-solid phase coexistence.
Note that in Fig. 1(c), the location of the critical point is
only approximated from the points on the binodal. In the
phase diagram with colloid chargeQ � 50 [Fig. 1(d)], gas-
liquid critical point is even deeper inside the gas-solid
phase separation, and we were not able to calculate the
binodal. The squares in Figs. 1(c) and 1(d) mark the point
of inflection of the fluid-fcc phase coexistence line. The
inflection point was determined by fitting the phase bound-
ary using a third order polynomial or a cubic spline func-
tion and finding the root of the second derivative. In our
simulations, the fluid phase was homogeneous and only
metastable aggregates were observed. Inside the gas-solid
coexistence regions at low temperatures, aggregation simi-
lar to that in Refs. [1,9] was observed.

The existence of a broad gas-solid coexistence can be
qualitatively understood based on the effective colloid-
colloid pair potential. Figures 2(a) and 2(b) show the
effective colloid-colloid pair potential for charges Q �

 

FIG. 1 (color online). Phase diagrams for colloid charges
(a) Q � 2, (b) Q � 10, (c) Q � 20, and (d) Q � 50. The circles
(
) are phase coexistence points, and the filled circles (�) are
phase coexistence points based on approximate calculations, see
text. The stars (*) are critical points, the squares are inflection
points, and the triangles (4) are triple points. The critical points
in (a) and (b) are from Ref. [8], and they are rescaled such that
counterions are pointlike. The lines are a guide to the eye.
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10 and Q � 50, respectively. The effective potentials were
measured from the colloid-colloid pair correlation function
as ueff�r	 � �kBT ln�g�r	. The simulations were done
with two colloids confined on the C1 axis of a cylindrical
cell with length L � 6� and radius R � 2� in a manner
similar to Refs. [2,11]. We observe that the effective pair
potential is purely attractive at low temperatures. With
increasing temperature, the pair potential develops a re-
pulsive barrier and finally becomes completely repulsive,
in qualitative agreement with the observations made in
Refs. [2,16]. Comparison between Figs. 2(a) and 2(b)
shows that the height of the repulsive barrier increases
with increasing colloid charge. The shape of the pair
potential, a repulsive barrier followed by an attractive
well, effectively makes the attraction short-ranged and
will favor configurations where colloids are either far
apart, corresponding to a low density, or touching, corre-
sponding to a high density. Intermediate densities, i.e.,
liquid phases, are unfavorable. This is exactly what can
be seen in the phase diagrams in Fig. 1(c) and 1(d), where a
low density gas is in coexistence with a high density solid
phase without a stable liquid phase. With increasing
charge, the barrier increases, which in turn gives rise to
an increased preference for a gas-solid phase separation, in

agreement with the trend seen in the phase diagrams in
Fig. 1.

The broadness of the fluid-solid phase separation makes
it possible to estimate its onset using only few particles in a
simulation box. We define a reduced critical temperature
T�c that for colloid charges Q< 20 is the regular gas-liquid
critical temperature and for Q � 20 is the temperature at
the inflection point. The full circles in Figs. 1(c) and 1(d)
are fluid-solid phase coexistence points that are calculated
by approximating the gas phase by a single fixed colloid
and the solid phase by four fixed colloids (in a fcc lattice).
The full squares are the inflection points. In the simula-
tions, the counterions are mobile, and the free energy
calculation is performed in a regular manner. For the solid
phase, this corresponds to the cell theory approximation
where the free energy is taken as a sum of the hard-sphere
free energy and the Madelung energy of the crystal [17].
As we can see from Figs. 1(c) and 1(d), due to the plateau-
like shape of the fluid-fcc coexistence line, the inflection
point temperature can be reasonably well estimated from
the approximate calculations, while the packing fraction is
less accurate. We calculated the fluid-solid phase coexis-
tence and the inflection points for colloid charges Q �
200, 1000, and 2000. Figure 3 shows the reduced critical
temperatures T�c as a function of colloid charge Q. The
solid line is a simple power-law fit to the data given by

 T�c � 0:27Q0:48: (3)

The scaling proposed by Linse et al. [9,18], T�c �Q0:57, is
the dashed line in Fig. 3. While our data are based on
(approximate) free energy calculations for Q � 2000,
Linse et al. based his results on the calculation of the
structure factor for 10 � Q � 80. In the structure factor
analysis, one cannot rigorously tell if the chosen state
points are thermodynamically stable or in phase coexis-
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FIG. 3 (color online). Critical temperature T�c as a function of
colloid charge Q. The squares are the critical temperatures. The
solid line is Eq. (3), and the dashed line is the scaling from
[9,18]. Critical temperature for Q � 1 is from Ref. [5], Q � 2
and 3 from Ref. [6], Q � 5 from Ref. [7], and Q � 10 from
Ref. [8], and they are all rescaled such that counterions are
pointlike.

 

FIG. 2 (color online). Effective colloid-colloid pair potential
for (a)Q � 10 and (b)Q � 50. The arrow indicates the direction
of increasing temperature.
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tence. In our method, thermodynamic stability is guaran-
teed by the common tangent construction.

Interestingly, the approximate T�c �Q1=2 scaling law in
Eq. (3) can be derived using results obtained for planar
charged plates [19,20]. For planar plates, the strength of the
electrostatic correlations is described by a coupling pa-
rameter

 � �
q2�B
�
� 2Q=�T�	2; (4)

where � � 1=2�q�B�s is the Gouy-Chapman length and
�s � Qq=��2 is the surface charge density of spherical
particles. Results on charged plates show that at � �
�c � 17, the system undergoes a first-order transition,
where the stable state is a coexistence between plates at
close separation (corresponding to our densely packed
solid phase) and plates at infinite separation (correspond-
ing to low density gas phase) [20]. The coupling parameter
� thus defines a critical line, and solving Eq. (4) for T�, we
obtain the scaling law

 T�c;plate �

�
2

�c

�
1=2
Q1=2: (5)

For �c � 17, Eq. (5) gives prefactor 0.343, which is close
to the prefactor obtained from fitting in Eq. (3). The fact
that the scaling law for the critical temperature of spherical
particles can be correctly derived from the results on
charged plates underlines the common origin of like-
charge attraction in these two systems.

We tested the validity of the Boltzmann approximation
on our critical curve by comparing the counterion density
distributions from the nonlinear Poisson-Boltzmann (PB)
equation and from the primitive model simulations. We
found that all points on and below the critical curve in
Fig. 3 are in the high Coulomb coupling regime where the
mean-field Boltzmann assumption breaks down. Recently,
a theory based on the PB equation was presented that
correctly solves the nonlinear PB equation close to the
colloid surface [21]. With no added salt (	a � 0), the
phase diagram in Ref. [21] for Q � 2000 and T� � 20
(a=�B � 10, where PB is valid) shows a metastable gas-
liquid phase coexistence and a stable gas-solid coexistence.
However, according to our results, no phase instability is
expected for T� * 10. Also, free energy calculations at
T� � 20 showed no signs of instabilities. In another theo-
retical treatment, Ciach et al. [22] have used field-theoretic
methods to suggest that for highly charged colloids only
gas-solid coexistence is present, but for much lower solid
density than the one we observe.

At room temperature, the Bjerrum length is in the range
�B � 1 nm (water)—10 nm (organic solvent). At T� �
8–10, this implies that the particle diameter is
� � 8 nm—100 nm, which due to charge regulation, is
too small to hold 1000–2000 electron charges. This ex-
plains why there are no (reproducible) experiments show-

ing like-charge attraction for highly charged colloids with
monovalent counterions.

In conclusion, we have calculated the full phase diagram
of charged colloids for colloid charges Q � 2, 10, 20, and
50. We showed that for Q � 20, like-charge attraction
gives rise to a broad gas-solid coexistence and a metastable
gas-liquid critical point. Using approximate free energy
calculations, we were able to determine the critical tem-
perature T�c up to Q � 2000 and proposed a scaling law
T�c �Q1=2.
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