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Phase transitions and tricriticality in the lattice restricted primitive model
supplemented by short-range interactions
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Monte Carlo simulations in the grand canonical ensemble have been performed to obtain the phase
behavior of the lattice restricted primitive model with additional short-range attractive interactions.
Multihistogram reweighting techniques were used to obtain the phase diagrams as a function of the
parameter«* , measuring the relative strength of the short-range~SR! to the Coulombic interactions.
The results reveal a great variety of behaviors as«* is varied. Specifically, for weak or vanishing
SR interactions only order-disorder phase transitions and a tricritical point are found, while for
strong SR interactions the high-density ordered phase becomes incommensurate with the lattice
structure and only a gas-liquid coexistence and a critical point are observed. However, for a certain
range of«* between these two limits both the critical and the tricritical points can become stable.
© 2003 American Institute of Physics.@DOI: 10.1063/1.1545095#
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I. INTRODUCTION

Over the last decade a lot of effort has been devote
getting a clear picture of critical behavior and phase sep
tion in systems dominated by Coulombic interactions. N
ertheless, despite significant progress in this field, und
standing of ionic systems is far from complete. Many stud
have been directed towards the study of the nature of c
cality, since early experiments indicated mean-fie
~classical!1 and Ising2,3 behavior for solvents with low and
high dielectric constant, respectively. Moreover, although
cent experiments4–6 and simulations8,35 strongly support
three-dimensional Ising-like criticality as the asymptotic b
havior, the observed crossover from classical to Is
behavior,9,10 unusually closer to the critical point than i
simple fluids, remains as an open question.

A useful model for theoretical treatments and simu
tions is the restricted primitive model~RPM!, in which the
ions are viewed as hard spheres of the same diameter
carrying positive and negative charges of the same ma
tude. The model is able to capture most of the thermo
namic properties of ionic fluids.11–14 However, no com-
pletely reliable theoretical approach for the critical regi
has emerged yet. The main reason is the long-range char
of the Coulombic interactions that prevents, for instance,
use of the techniques from nonionic cases like renormal
tion group theory.15 In fact, there is not even consensus
which mean-field approach should be taken as the star
point to construct such a theory. The two most promis
approaches are the mean spherical approximation,12 based on
integral equations for the correlation functions, a
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theories11,13 that use an extension of the Debye–Hu¨ckel
theory16 and Bjerrum association ideas.17

Recently, in order to understand better criticality in t
RPM model, lattice models of electrolyte solutions ha
been studied,11,12,18–25in which the positions of the positive
and negative ions are restricted to the lattice sites. E
though nonionic fluids have the same critical behavior as
lattice Ising model, lattice ionic fluids with lattice spacin
equal to the ionic diameter show an order-disorder transit
which is absent in the continuous version of the RPM. Th
is no gas-liquid transition~i.e., no critical point! and the co-
existence is between a low-density disordered phase an
antiferromagnetically ordered high-density phase; the tra
tion is continuous~Néel-type line! above and first-order be
low a tricritical point.

Although the presence of an underlying lattice natura
favors the appearance of charge ordering, it is not obvi
why the lattice and continuum models of RPM present su
a different critical behavior. A possible explanation has be
advanced by Ciach and Stell20,21using a formalism based o
the Landau–Ginzburg–Wilson approach. They proposed
in contrast to the uncharged systems with short-range in
actions, where the long-wavelength fluctuations domin
and the lattice structure is irrelevant, in ionic systems
short-wavelength charge fluctuations are the most import
In this case, the short-distance properties of the system,
as the lattice structure or the shape of the short-range po
tials added to the RPM model, become important and dif
ent phase diagrams can be obtained, i.e., there is no un
sality. In fact, Ciach and Stell have predicted that for a mo
system with additional short-range interactions added to
RPM model both gas-liquid and tricritical points can be th
modynamically stable.21–23 These short-range attraction
il:
3 © 2003 American Institute of Physics
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could represent the interaction between the ions and the
ticles of the solvent in which the ions are dissolved.

In this article we address the lattice RPM model for ion
systems when, in addition to the hard-core and electros
interactions, some short-range attractive forces between
ions are included. We use grand canonical Monte Ca
simulations, combined with histogram reweighting26 and
mixed-field finite-size scaling27,28 techniques, to obtain the
coexistence curves and the associated critical points. Th
ticle is organized as follows. The model and the compu
tional details are given in Sec. II. The results are discusse
Sec. III. We close in Sec. IV with summary and conclusio

II. MODEL AND SIMULATION METHODOLOGY

A. The model

The model system we have considered consists ofN
charged hard spheres of equal diameters, half of them car-
rying charge1q and half charge2q, interacting through the
pair potential

Ui j 5Ui j
SR1

qiqj

Dr i j
, ~1!

whereD is the dielectric constant of the structureless solv
in which the ions are immersed andUi j

SR accounts for the
short-range~SR! interactions between the ions. Since in th
work we do not try to model any realistic potential, for th
short-range interactions we use the square-well potentia

Ui j
SR5H `, r i j ,s,

2«, s<r i j ,ls,

0, r i j >ls,

~2!

wherel and« are the interaction range and strength para
eters, respectively. For simplicity, we consider that all p
ticles are subjected to the same attractive energy2« and the
interaction range isl51.5. Reduced quantities are defin
by scaling withE05q2/Ds, the Coulomb energy betwee
two ions at close contact, and the ion diameters, namely

T* 5
kBT

E0
, «* 5

«

E0
, and r* 5

2Ns3

V
, ~3!

whereV is the volume of the system. Using these definitio
the effect of the short-range attractive interactions on
properties of RPM model can be monitored by changing
reduced energy parameter,«* .

B. Simulation methods

Our simulations were performed using the discretizat
methodology introduced by Panagiotopoulos and Kuma19

In this approach the allowed positions for the centers of
ions are on a simple cubic grid of characteristic lengthl.
Also, the lattice discretization parameter is defined asz
5s/ l , such that the lattice and continuum limits can be
produced by changingz. Panagiotopoulos and Kumar19 have
found thatz>3 produces qualitatively the same phase
havior as the continuum model. In particular, forz510 the
results were indistinguishable from the continuum model a
the critical parameters of the RPM were well reproduced.7,29
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From a computational point of view, the main advantage
using the lattice discretization method is that the Coulom
interactions can be calculated using Ewald summation o
at the beginning of the simulation, since the allowed i
positions are knowna priori. For ionic systems this repre
sents a speedup relative to the continuum calculation b
factor of 100 in small systems.19 In this work, the Ewald
sums were performed with conducting boundary conditio
using 518 Fourier-space wave vectors and real-space da
ing parameterk55.

We used grand canonical Monte Carlo~GCMC! simula-
tions with pair additions and removals at each time step. T
factor 2 in the reduced density in Eq.~3! appears due to the
two ions used in this neutral molecule of chemical poten
m. To enhance acceptance of the insertion and removal s
we used distance-biased sampling, introduced in Ref. 14

Multihistogram reweighting26 techniques were used t
analyze the simulation data. Since the principles of t
method have been discussed elsewhere,26,30,31we concentrate
the description of the technique for our one-component s
tem to its most important aspects. The GCMC simulat
data at a fixed inverse temperature,b51/kBT, and chemical
potential,m, are collected in a two-dimensional histogra
P(N,U;b,m) of the fluctuating energyU and number of
particlesN. Using appropriate reweighting formula26 the his-
togram of a different state (b8,m8), not too far away from
(b,m), may be obtained fromP(N,U;b,m) without any
need to perform another simulation. However, as in gener
is not possible to cover all thermodynamic states of inter
from a single simulation, multiple simulations are required
different temperatures and chemical potentials. Then, the
sulting histograms from the simulations are combined
cording to the method proposed by Ferrenberg a
Swendsen,26 such that all the properties of interest can
obtained. In particular, the phase coexistence curve can
obtained from the grand canonical distribution of densitie

P~r!5(
U

P~N,U;b,m!. ~4!

Near and at a first-order phase transition the distribut
P(r) exhibits a double-peaked structure. Therefore, the p
cise location of a coexistence point can be obtained by t
ing the chemical potential at a given temperature until
areas under the peaks become the same.

For the critical region we used mixed-field finite siz
scaling ~FSS! analysis proposed by Bruce and Wilding,27

which accounts for the lack of symmetry between coexist
phases in fluids. Briefly stated, for one-component syste
an ordering parameter,M, is constructed from the energyU
and number of particlesN such that

M5N2sU, ~5!

where s is the field-mixed parameter. General finite-si
arguments27 predict that at criticality the normalized prob
ability distribution at a given system size,PL(x), has a uni-
versal form for every fluid in a given universality class, wi
x5A(M2Mc). The nonuniversal factorA and the critical
value of the ordering operatorMc are chosen so that the da
have zero mean and unit variance. In this work we assu
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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that the RPM model has Ising-like critical behavior. The
fore, the critical parameters can be determined through va
tion of T* , m* ands until the distributionPL(x), obtained
by histogram reweighting from the simulation data, match
the distribution for the three-dimensional Ising universal
class.

Typical runs involve 2253107 Monte Carlo steps
~MCS! for equilibration and 2293108 MCS for production.
Statistical uncertainties for the critical parameters were p
duced from 8 to 24 independent runs, depending on sys
size, at near critical conditions with different seeds for t
random number generator.

III. RESULTS AND DISCUSSION

We obtained phase coexistence for several values of«* ,
the parameter characterizing the strength of the SR inte
tions. The resulting phase diagrams in theT2r plane are
presented in Fig. 1 for a lattice discretization parametez
51 ~the simple cubic lattice limit! and a system sizeL*
[(L/s)3512.

For low values of«* the Coulombic part of the potentia
drives the phase separation and only the tricritical poin
thermodynamically stable. The coexistence is between a l
density disordered phase and an antiferromagnetically
dered high-density phase, i.e., an arrangement of ions o
ternating charges, as observed previously
Panagiotopoulos and Kumar19 for the pure lattice RPM. The
effects of SR interactions can be noticed only as an incre
of the temperature and density at the tricritical point. We
not try to locate the Ne´el line of continuous transitions an
the precise location of the tricritical point for different valu
of «* , since the density at the tricritical point becomes ve
high as we increase the SR effects, reducing the efficienc
our GCMC simulations. Since a detailed fine-size scal

FIG. 1. Phase diagrams for different values of SR strength forz51. Points
~filled circles! from top to bottom are for«* 5 0.1, 0.09, 0.08, 0.06, 0.05
0.03, 0.01, respectively. Thez51 lattice RPM results of Panagiotopoulo
and Kumar~Ref. 19! («* 50), are shown as open circles. Tricritical poin
(1) were obtained using a linear extrapolation~dotted lines! of the coex-
istence lines, as expected ford53 tricriticality. The critical points (3) were
estimated from finite size scaling usingL* 515. Statistical uncertainties ar
smaller than the symbol size.
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analysis would be necessary to estimate the true locatio
the tricritical point, larger system sizes would be necess
which is beyond of the scope of this work. Instead, we pre
to give an estimate of the location of the tricritical point,
shown in Fig. 1, based on a linear extrapolation of the co
istence lines, as expected ford53 tricriticality, for the small
system sizeL* 512. For the sake of comparison we include
in Fig. 1 the coexistence curve for the lattice RPM lim
(«* 50, in our model! obtained in Ref. 19.

A typical density distributionP(r) obtained from mul-
tihistogram reweighting techniques for low SR interaction
shown in Fig. 2~a! for «* 50.06. One observes that on in
creasing temperatures, the low-density disordered p
moves smoothly over to merge with the high-density orde
peak at the tricritical point. In contrast, on increasing«* a
new phase diagram can be found, as shown in Fig. 2~b! for
«* 50.08. Above a certain temperature, in addition to t
low and high density peaks, a third peak emerges in
density region aroundr* 50.65, indicating a coexistence be
tween three phases at a triple point: two disordered pha
~differing only on density! and a high density ordered phas
Based on Fig. 2~b!, we can infer that above the triple-poin
temperature there is a coexistence either between the
disordered phases or between the disordered phase
higher density and the ordered phase. The first coexiste
terminates at a critical point, while the last one terminates
a tricritical point. Unfortunately, as shown in Fig. 2~b!, the
three peaks are very close to each other, which prevents
precise identification for the small system sizes used in F
1. Even forL* 516 used in Fig. 2~b! the presence of a tri-
critical point makes it difficult to completely isolate the tw
disordered phases in order to obtain the critical point us
Wilding FSS method.27 Therefore, the critical point for«*
50.08 used in Fig. 1 was obtained usingL* 515, since for
this system size the ordered arrangement of ions of alter
ing charges is not possible. According to Figs. 1 and 2~b! the
tricritical point occurs at high density,r* >0.75. Unfortu-
nately, we were unable to obtain an estimate for this tricr
cal point based on a linear extrapolation of the coexiste
lines, since these very high densities prevent a reliable s
pling of the ordered branch using our CGMC simulation
The phase diagram for this«* value is qualitatively identical
to Fig. 6~B! obtained by Ciach and Stell’s approach of Re
22.

Increasing the SR interactions the phase diagr
changes topology again, as shown in Fig. 1 for«* 50.09 and
0.1. The three-peak structure disappears and only a dou
peak density distribution can be observed according to F
2~c! for «* 50.09. The coexistence now is between two d
ordered phases terminating at a critical point as shown
Fig. 3 for «* 50.09. The tricritical point becomes meta
stable, i.e., disappears into the two-phase region. Never
less, the shape of the phase diagram is affected by the p
ence of this metastable point. Clearly, a pronounced ‘‘kin
can be distinguished in the high-density branch in Fig. 3,
a result of the different shapes of the coexistence curves
to the stable critical point and the metastable tricritic
point.32 Also, this ‘‘kink’’ approximately localizes the point
where the critical Ne´el line ~not shown in Fig. 3! crosses the
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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FIG. 2. Coexistence density distributionP(r* ) for ~a!
«* 50.06 at a number of subtricritical temperatures;~b!
«* 50.08 at a selection of temperatures spanning
triple-point temperature and~c! «* 50.09 at subcritical
temperatures.
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high-density branch of the coexistence curve. This effect w
also observed by Ciach and Stell, according to Fig. 6~A! of
Ref. 22.

In order to characterize the critical point discuss
above, we used FSS techniques under the assumptio
Ising-type criticality. The collapse of the measuredPL(x) on
the universal Ising ordering operator distribution is shown
Fig. 4 for«* 50.09 and the system sizesL* 512, 15 and 18.
The quality of the collapse is clear evidence that for this a
larger «* values the phase separation is driven by the
interactions and the system presents critical behavior c
patible with Ising-like behavior. Further evidence of Isin

FIG. 3. Phase coexistence curves for«* 50.09 using three system sizes. Th
presence of a metastable tricritical point inside the two-phase region is
ticed as a pronounced ‘‘kink’’ in the high-density branch. The solid lin
connecting the larger system size points are based on an Ising-type fit
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criticality can be found when we analyze corrections to sc
ing of the critical temperature through the scaling relation

Tc* ~L* !2Tc* ~`!}~L* !2(u11)/n, ~6!

whereTc* (L* ) is the apparent size dependent critical te
perature obtained by FSS analysis, andTc* (`) is the infinite-
system value. The exponents in Eq.~6! for the three-
dimensional Ising universality class are (u, n)
'(0.52, 0.63).33 In Fig. 5 we show the dependence of th
reduced critical temperature,Tc* , on the scaling variable
(L* )2(u11)/n for «* 50.09 and 0.1. Linear least square e

o-
FIG. 4. Ordering operator distribution,PL(x), for «* 50.09. Points from
top to bottom are forL* 518, 15 and 12, respectively. Solid lines are for th
three-dimensional Ising universality class~solid line data are courtesy of N
B. Wilding!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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trapolation yields the infinite system size critical tempe
tures estimates Tc* 50.410960.0001 and Tc* 50.4467
60.0002 for«* 50.09 and 0.1, respectively. For the critic
density, on the other hand, scattered data with large e
bars have been obtained for the three-system sizes l
above, and the results cannot be reliably extrapolated toL*
→`. We do not explore larger«* values since in this cas
only the SR interactions become relevant and the sys
displays only a gas-liquid critical point.

It is also interesting to investigate what happens wh
the lattice discretization parameterz is increased. According
to Panagiotopoulos and Kumar,19 for z>3 the phase behav
ior of the lattice RPM is qualitatively identical to the con
tinuum model. In fact, the difference between critical para
eters forz510 andz→` ~the continuum limit! was found to
be .1% for the temperature and.4% for the density.7

Therefore, we usedz510 in our model system in order t
obtain the phase diagram as a function of the SR param
The results are shown in Fig. 6. In contrast to the latticz
51 case, where we found a range in«* displaying order-
disorder transition, using this fine-lattice discretization p
rameter only the gas-liquid phase coexistence was obser

FIG. 5. Reduced critical temperature,Tc* , as a function of (L* )2(u11)/n,
with u50.52 andn50.63, for«* 50.09 ~squares! and 0.1~triangles!. The
dashed lines represent a least-squares fit to the data.
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There is no evidence either of high-density ordered phase
tricriticality, and just the usual gas-liquid critical point i
thermodynamically stable.

The effects of the SR interactions are shown in Fig.
We see in Fig. 7~a! that the critical density converges qui
rapidly to the square-well fluid value obtained by Orkoul
and Panagiotopoulos,34 rc* 50.31, their estimate at the limi
of infinite system size. To compare the critical temperatu
on the other hand, we need to rewrite the reduced temp
ture in Eq.~3! askBTc /«, the usual definition for the square
well potential. The results are shown in Fig. 7~b!. Clearly, the
critical temperature converges to the square-well limit
Ref. 34, kBTc /«51.218, as the short-range interaction
increased.

Finally, for this highz case we did not find evidence o
charged layers of alternating sign like lamellar structures
predicted by Ciach and Stell for the continuum case.22 Only
a gas-liquid phase separation was observed, which shoul
attributed to the absence in our model of a short-range
mixing interaction, separating the anions from the cations
the one considered in Ciach and Stell’s model.22 For a sym-
metrical binary fluid mixture, for instance, such demixin
term between dissimilar species is responsible for tricriti
behavior.32 Since in our case the phase diagrams dep
strongly on the details of the interaction potentials, differe

FIG. 6. Phase diagrams for a fine-discretization parameterz510. Points
from top to bottom are for«* 5 0.05, 0.03, 0.02, 0.01, 0.005 and 0~open
circles, from Ref. 19!.
l

FIG. 7. Dependence of the~a! critical density and~b!
the critical temperature~normalized by the square-wel
depth «) on the SR parameter«* for z510. The
dashed lines are merely guides to the eye.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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forms of short-range potentials should be analyzed, a
beyond the scope of this work.

IV. CONCLUSIONS

In summary, we have used grand canonical Monte Ca
simulation and histogram reweighting techniques to stu
phase transitions in a lattice RPM model where, in addit
to the Coulomb and hard-core interactions, some short-ra
attractive interactions between the ions are added to
model. Phase diagrams for different short-range stren
have been obtained. Our simulation results reveal a ph
diagram strongly dependent on the SR parameter«* and the
lattice structure. Specifically, for weak SR interactions a
z51 only order-disorder phase coexistence and a tricrit
point are observed, since the phase separation is drive
the electrostatic interactions. Increasing«* favors the forma-
tion of clusters of ions with the same charge. Then, fo
certain range of«* both the gas-liquid critical point and
tricritical point can be observed. For strong SR interactio
on the other hand, the high-density ordered phase beco
incommensurate with the lattice structure and only a g
liquid phase transition and a critical point are found. Fina
for high values of the lattice discretization parameterz, the
order-disorder phase transitions disappear and only the
liquid coexistence is possible, i.e., fine lattice structures
not support charge ordering.

Thus our simulation results confirm qualitatively most
the theoretical predictions of Ciach and Stell’s approach~see
Fig. 6 of Ref. 22!. In quantitative terms, however, a comple
comparison with that model is not possible, since our mo
system uses essentially a different interaction potential. D
ferent forms of short-range potential should be investiga
in order to analyze the sensitivity of the phase diagram
pology, which would require future investigations.
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