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ABSTRACT

The micellization properties and phase behavior of model ternary surfactant - oil - water

systems were studied by grand-canonical Monte Carlo simulations assisted by histogram-

reweighting techniques. Larson’s lattice model was used for a symmetrical H4T4 surfactant,

where H represents hydrophilic and T hydrophobic groups. In contrast to earlier studies,

we studied oil chains of variable length, from T to T4, and determined quantitatively the

effect of added oil on the critical micelle concentration (cmc). It was found that the cmc

decreases as the volume fraction of oil in the aqueous phase is increased. Longer oil chains

have a stronger effect than shorter chains at the same volume fraction. The oil, tail and head

density profiles were obtained for typical micelles. Simulation results for the density profiles

indicate that long-chain oils are almost exclusively located within the micellar aggregates,

in agreement with single-chain mean-field theory predictions. Ternary phase diagrams were

obtained both by simulations and by quasichemical theory. The results suggest that the

critical micelle concentration line is directed towards the oil-lean corner of the three-phase

triangle, if there is one present in the system. It was also found that the amount of oil that

can be dissolved in the ternary system increases sharply at the surfactant critical micelle

concentration, indicating that micellization greatly enhances oil solubility.

1. INTRODUCTION

Amphiphiles are molecules with both hydrophilic and hydrophobic segments. They are

also referred to as surface-active agents, or surfactants, because they preferentially absorb at

interfaces, lowering the interfacial tension. Amphiphiles possess self-organizing properties

that, depending on the concentration, lead to various structures [1–8] such as micelles,

bilayers, biomembranes, vesicles, microemulsions and liquid crystals. Because of their ability

to self-assemble, amphiphiles have numerous applications in industry and are central to the

understanding of many biological systems and processes.

At low concentrations, above a critical micelle concentration (cmc), amphiphile molecules

assemble into aggregates known as micelles. Typical aggregation numbers in aqueous so-
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lutions are between a few dozen to a few hundred amphiphiles, resulting in characteristic

diameters of a few nanometers [2–5]. Micellar aggregates can solubilize oil molecules, thus

bringing them into aqueous solution. In the neighborhood of the cmc surfactant solutions

show sharp changes [3, 4] in their physical properties such as osmotic pressure, surface ten-

sion, interfacial tension, etc. However, the formation of micelles is not a true phase transition

because micelles are finite-sized aggregates. As the surfactant concentration increases, micel-

lar solutions evolve into denser phases where different micelles interact and that may evolve

into liquid crystalline phases. At relatively high concentrations of amphiphile, but not large

enough to produce liquid crystalline phases, droplet and bicontinuous microemulsions may

appear [3, 6–9]. In the oil-in-water (water-in-oil) microemulsions, oil (water) droplets coated

by amphiphiles are dispersed in water (oil) and have size of 10 to 100 nanometers [8]. When

the concentrations of water and oil are not very different, bicontinuous microemulsions are

formed.

Micelle formation and phase behavior in amphiphilic systems have been extensively stud-

ied using analytical methods, lattice-based and continuous-space simulations [6]. It is now

clear that many complex features of real amphiphilic systems can be understood from sim-

plified lattice models. For example, the rich phase behavior of liquid crystals was observed

[10, 11, 13–15] for high concentrations of amphiphile from Monte Carlo studies of a lattice

model of ternary oil-water-amphiphile systems. The phase behavior of oil-water-amphiphile

systems has been investigated [15–17, 38] by Monte Carlo simulations and quasichemical

theory. Moreover, the formation and properties of micelles were studied extensively for bi-

nary solvent-amphiphile systems by Monte Carlo simulations [12, 13, 18–29] and single-chain

mean-field theory (SCMFT) [24, 30]. Some properties of micellar aggregates for oil-water-

amphiphile systems were also studied by Monte Carlo simulations [31–33]. Recently, using

histogram-reweighting grand-canonical Monte Carlo simulations, a new method for deter-

mining the cmc’s has been proposed [34–36] based on localizing the point where a sharp

slope change occurs in plots of the osmotic pressure versus amphiphile concentration. Since

the present issue of Molec. Phys. is in honor of the 65th birthday of Prof. Keith Gubbins,

it is noteworthy that recently his group has initiated studies of formation of micelles in
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supercritical CO2 using simple lattice models, in collaboration with one of us [37].

In this paper we study micelle formation and phase behavior of ternary oil-water-

amphiphile systems using Monte Carlo simulations and mean-field theory. A significant

difference from previous studies of ternary oil-water-amphiphile systems [15–17, 38] is that

we also consider oil models consisting of chains rather than single sites. In addition, we

place particular attention on the relationship between micelle formation and macroscopic

phase separation. In section 2 we describe briefly the lattice model used in this paper,

the histogram-reweighting grand-canonical Monte Carlo method, quasichemical theory, and

single-chain mean-field theory. In section 3 we discuss our results for the overall phase be-

havior, the effect of added oil on the cmc and the structure of swollen micelles. A key finding

from our work is that the cmc line ends near the corner of a three-phase line in systems of

high oil solubility in the aqueous phase.

2. MODEL AND METHODS

2.1 Model

In the lattice model proposed by Larson [38], an entity on a given site of a cubic lattice

interacts equally with 26 neighboring sites located along vectors (0, 0, 1), (0, 1, 1), (1, 1, 1) and

the vectors resulting from symmetry operations with respect to the three spatial directions.

In the original Larson model, oil and water molecules occupy single sites, whereas amphiphile

molecules occupy chains of connected sites. In this paper we consider oil molecules as chains

of connected sites. All lattice sites are singly occupied by either an oil, water, or amphiphile

site. The abbreviation HxTy is used to denote an amphiphile which has x hydrophilic head-

sites and y hydrophobic tail-sites. In our notation Tx is an oil molecule with x sites and H

a single-site water molecule.

Interactions of strength εHH (εTT) occur between two head (tail) groups, a head (tail)

group and water (oil) monomers, and two water (oil) monomers. Interactions of strength

εHT occur between head or water groups and tail or oil groups. With these interactions the
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whole system can be described by an energy parameter

ε = εHT − 1

2
εHH − 1

2
εTT. (1)

Temperature is conveniently normalized by this energy parameter, T ∗ = kBT/ε, where kB is

Boltzmann constant. In this paper the εHH and εHT interactions are set to zero and the εTT

interaction is set to −2, resulting in attractive interactions for neighboring tail-tail, tail-oil,

or oil-oil contacts.

2.2 Histogram-Reweighting Grand-Canonical Monte Carlo

The grand-canonical Monte Carlo (GCMC) simulation methodology is used in this paper.

A GCMC simulation is performed in a simulation cell of size V = L × L × L = L3, under

periodic boundary conditions. Temperature T and chemical potentials µ1 and µ2 are input

parameters of the simulation while the numbers of molecules N1 and N2 and the configura-

tional energy E fluctuate. Indices 1 and 2 denote oil and amphiphile, respectively. In the

histogram-reweighting approach [39, 40], data from a single GCMC simulation are used to

obtain the thermodynamic properties of a system over a range of temperatures and densities.

However, it is not possible to obtain all thermodynamic properties of interest from a single

simulation. Instead, several simulations at appropriate values of the chemical potentials and

temperature are combined to obtain the desired thermodynamic properties [41].

The histogram-reweighting GCMC method for ternary oil-water-amphiphile systems

closely follows the method for binary water-amphiphile systems as described previously

[34]. The probability distribution function for observing a configuration with N1, N2, and

E at a point in the parameter space (µ1, µ2, β) is

f(N1, N2, E) =
Ω(N1, N2, V, E) exp[β(µ1N1 + µ2N2 − E)]

Ξ(µ1, µ2, V, β)
, (2)

where β = 1/kBT , Ω(N1, N2, V, E) is the density of states, and Ξ(µ1, µ2, V, β) the grand

partition function. In the case of binary systems we have stored two-dimensional histograms

directly. However, it is impractical to store three-dimensional histograms f(N1, N2, E) for

ternary systems. Instead, lists of observations of N1, N2, and E are periodically recorded
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on disk, and the probability distribution function is obtained from these lists at the end of

the simulation.

A number of grand-canonical Monte Carlo (GCMC) simulations at reduced temperature

T ∗ = 8 and at different values of the chemical potentials of amphiphile and oil were performed

within overlapping ranges of the respective volume fractions. The results were combined

through histogram reweighting. In small systems (L = 15) the range of volume fractions

sampled was broader and a small number of simulation runs was sufficient to cover the

volume fraction range needed for estimating the critical micelle concentration (cmc) or the

ternary phase diagram. GCMC results on comparatively larger lattices were also combined

and used to estimate ternary phase diagram or cmc’s. We obtained essentially the same tie

lines and cmc’s from the small and large systems, except for the region near the consolute

point.

2.3 Quasichemical Theory

The phase behavior of ternary oil-water-amphiphile systems can be studied analytically

with a lattice based mean-field theory known as the quasichemical theory [16, 42] that

is the first-order approximation to fluid mixtures considering interactions in detail and an

improvement from the zeroth-order approximation corresponding to a random distribution of

molecules. In the quasichemical theory the Helmholtz free energy of mixing for an interacting

system is

βF = βF0 +
z

2

[
h ln

1− κt

h
+ t ln

1− κh

t

] ∑

i

qiNi−
z

2

∑

i

[
hi ln

1− κiti
hi

+ ti ln
1− κihi

ti

]
qiNi (3)

with the athermal free energy of mixing

βF0 =
∑

i

[
Ni ln φi +

z

2
qiNi ln

ξi

φi

]
. (4)

z is the coordination number of lattice, Ni the number of molecules of species i (i = 1, 2, 3),

φi the volume fraction, qi the ratio of the total number of neighboring sites of a molecule

of species i to z, and hi (ti) the ratio of the number of neighboring sites of the H-beads

6



(T-beads) to the total number of neighboring sites of a molecule of species i. The neighbor

fractions are defined by ξi = qiNi/
∑

i qiNi, h =
∑

i ξihi, and t =
∑

i ξiti. The value of the

screening factor κ is given by κ = 2/
[√

1 + 4ht(e2/T ∗ − 1) + 1
]
. The phase behavior can be

determined by solving for the equality of chemical potential µi between the phases [16].

2.4 Single-Chain Mean-Field Theory

The single-chain mean-field (SCMF) theory [24, 30, 43–45] is an analytical approach to

study self-assembly of amphiphilic chain molecules into micelles. The SCMF theory treats

conformal degrees of freedom for the single chain exactly, at the computational cost of

minimizing the free energy for an ensemble of chain conformations. The main idea of the

SCMF theory is to look at a single chain with all its intramolecular interactions exactly

taken into account while the intermolecular interactions are considered within a mean-field

approximation. Mackie et al. [24] showed that the SCMF theory gives good agreement with

the simulations for the critical micelle concentration and conformational properties of H4T4

micelles. However, the micelle size distribution predicted from the theory was significantly

different from the simulation results.

In this present work, we have used a simple generalization to ternary to water-oil-

amphiphile systems of the SCMF theory for binary water-amphiphile systems developed

by Mackie et al. [24]. Derivation of the SCMF non-linear equations to be solved for self-

consistency is presented in detail in [24].

3. RESULTS

The first question we would like to address is the effect of added oil on the cmc for a given

surfactant. In Fig. 1 we plot simulation results for the cmc, φcmc, for H4T4 amphiphile chains

as a function of the oil volume fraction in the predominantly aqueous phase, φoil, for T, T2,

and T4 chains. The cmc is defined as the overall amphiphile volume fraction at which the

first well-defined micellar aggregate appears in the system [34, 36]. It can be seen that the

cmc decreases as the volume fraction of the oil increases. The lowering of cmc in the presence
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of an oil has been suggested in the simulation literature [31–33] but has not been studied

in detail previously. A lower value of the cmc implies that the oil facilitates the formation

of micellar aggregates thereby reducing the number of free amphiphiles. Experimentally,

organic additives are often found to decrease the cmc in aqueous solutions [4] by being

incorporated within the micelles.

Fig. 1 suggests an approximately linear effect of added oil on the cmc. The magnitude

of the effect for T2 oil chains is much larger than that for T chains (higher slope) indicating

that longer oil chains facilitate the formation of micellar aggregates more than shorter ones

at a fixed volume fraction of oil. Of course, longer oil chains are much less soluble in water

than shorter ones; the curves end at φoil ≈4.1 % for T, φoil ≈0.3 % for T2 and at a very low

value for T4. As a result of their much higher solubility, shorter chains are more effective

than longer ones at their solubility limit.

The oil and surfactant tail and head density profiles for a micellar aggregate containing

66 (H4T4) amphiphile chains and 6 (T4) oil chains obtained by GCMC and SCMFT are

shown in Fig. 2. Monte Carlo data were taken by averaging the density profiles for micellar

aggregates present in a system (L = 30) with volume fraction of amphiphile 〈φa〉 = 0.071

and volume fraction of oil 〈φo〉 = 0.002. To calculate the average density profiles from the

GCMC results we have used 500 snapshots separated by 4 × 105 Monte Carlo steps each

after discarding the initial 2 × 108 Monte Carlo steps, and we have obtained the average

aggregation number of 66 amphiphile chains and the average number of 6 oil chains for a

micelle. These aggregation numbers were then used as input parameters for the mean-field

calculation.

Fig. 2 shows excellent agreement between the Monte Carlo results and the single-chain

mean-field theory. For systems with different volume fractions of amphiphile and of oil

and for systems with different oil (T or T2) chains we have also found excellent agreement

between the Monte Carlo results and the mean-field theory. Both Monte Carlo results and

single-chain mean-field theory show that the micellar aggregates prefer to have a micellar core

packed almost exclusively with oil chains and tail segments of amphiphile chains. Compared

to the density profiles for the system without oil [24], the tail density volume fraction at
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the micellar core is reduced from nearly 1.0 to about 0.8 because oil chains also contribute

a portion (about 0.2) of the local density. The slightly lower aggregation number observed

in the present work (66 vs. 80) is a consequence of the higher temperature relative to that

used in [24] (T ∗ = 8 vs. T ∗ = 6.5).

Fig. 3 shows the ternary phase diagram for the amphiphile (H4T4)-oil (T)-water (H)

system obtained by histogram-reweighting GCMC simulations and by quasichemical theory.

The GCMC results (thick lines) and quasichemical predictions (thin lines) are in good qual-

itative agreement. The symmetry of this amphiphile (H4T4) and of water and oil (H-T)

result in a phase diagram that is symmetric about a vertical axis at φoil = φwater. In Fig.

3, the tie lines obtained by either simulations or theory intersect in a three-phase region.

The phase behavior of this system has also been studied by [16] at a lower temperature

(T ∗ = 6.5). Simulation results at the two temperatures are qualitatively similar. The

quasichemical theory is in moderately good agreement with the simulations at the higher

temperature studied here, but predicts large immiscibility gaps for the water-amphiphile

and oil-amphiphile binary systems at the lower temperature studied in [16].

The lower part of Fig. 3 shows a detail of the lower left corner of the ternary phase

diagram for the same H4T4-T-H system. Solid lines show the phase envelope and tie lines

(GCMC results) and dashed lines represent the same cmc data reported in Fig. 1. The

cmc line is directed to the left vertex of the three-phase triangle. This is a remarkable

observation that has not been reported in previous experimental or simulation studies of

which we are aware. Experimentally, most studies of micelle formation are performed at low

concentrations of surfactant, in the single phase “isotropic” region (see, however, [46]), while

studies of surfactant phase diagrams do not attempt to determine the cmc. In addition, oil

solubilities in aqueous phases are very low, resembling the situation for the T4 system. In our

simulations, below the cmc line the surfactant exists primarily as isolated molecules. Above

that line, there are micelles in solution, but crossing the line does not constitute a true phase

transition in a thermodynamic sense: there are no discontinuities in any thermodynamic

property. However, as more and more oil is added to the system (swelling the micelles),

there comes a point at which a true phase transition occurs between micelle-free solution
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and a microemulsion phase containing significant amounts of surfactant and oil.

Fig. 4 shows the ternary phase diagram for the amphiphile (H4T4)-oil (T2)-water (H)

system. The GCMC results are again represented by thick lines and quasichemical pre-

dictions by thin lines. The asymmetric nature of water-oil (H-T2) leads to an asymmetric

phase diagram. Compared to Fig. 3, in Fig. 4 there is phase separation in the binary

amphiphile-oil system. Simulations predict a three-phase region, but quasichemical theory

does not. The differences between GCMC results and quasichemical theory predictions are

particularly pronounced at low surfactant and oil concentrations, due to the fact that the

theory assumes a mean-field environment for all the species and cannot predict the forma-

tion of micellar aggregates. The lower part of Fig. 4 shows an enlargement of the lower

left corner of the ternary phase diagram (GCMC results) for this system. Solid lines show

the phase diagram and dashed lines represent the cmc reported in Fig. 1. The data for T2

also support the conjecture that the cmc line joins with the left vertex of the three-phase

triangle.

Fig. 5 shows the ternary phase diagram for the amphiphile (H4T4)-oil (T4)-water (H)

system as predicted by GCMC method (thick lines) and quasichemical theory (thin lines).

The binary H4T4-T4 system displays a wider phase immiscibility region than the H4T4-

T2 system. In Fig. 5 the quasichemical predictions are in qualitative agreement with the

GCMC results with respect to the gross features of the phase diagram, but underpredict

the mutual solubility of T4 with H or H4T4, especially above the cmc. The solubility of oil

in the aqueous phase increases dramatically upon formation of micelles in this system, as

shown in more detail in Fig. 6.

Fig. 6 illustrates the dramatic solubility increase of the longer oil chains in the aqueous

solution upon formation of micelles. The absolute solubilities of the three oil chains in the

aqueous phase in the absence of micelles are φ0 ≈ 10−4, 5× 10−3 and 6× 10−2 respectively

for T4, T2 and T. We have already discussed the lowering of the cmc by dissolution of short

chains and the presence of a three-phase region at higher oil volume fractions. The straight

lines to the right in Fig. 6 for T and T2 correspond to the solubility of oil along the water /

aqueous microemulsion side of the three-phase triangle. From a point of view of applications,
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the formation of possible microemulsion phases is not as important as the increased solubility

of oil in the aqueous environment. Clearly, for T4, we observe the greatest enhancement of

solubility in the aqueous phase. This solubility enhancement coincides with the formation

of the first micelles in the system - the break in the solubility curve is slightly displaced from

the cmc in Fig. 6 because of finite-size effects. In fact, cmc values have been experimentally

determined by observing these sudden changes in solubilization[1, 3, 4].

The physical mechanism responsible for increased solubility in the aqueous phase is clearly

the preferential partitioning of oil in the interior of the micelles. The partition coefficient,

K, corresponding to the ratio of concentrations of oil associated with micelles and that

in free solution, is shown in Fig. 7. No data are shown for T4 because in the systems

we studied, essentially all of the T4 oil was found associated with micelles. The partition

coefficients rapidly increase with increasing oil chain length and increase only weakly with

overall surfactant concentration, as also observed for other systems in previous studies [17].

4. CONCLUSIONS

A lattice model for ternary oil-water-amphiphile systems has been studied by Monte

Carlo simulations, single-chain mean-field theory, and quasichemical theory. Critical micelle

concentrations (cmc’s), density profiles within micelles and global phase diagrams have been

determined for the amphiphile H4T4 and oil molecules of different lengths (T, T2, and T4)

in a water-like solvent (H). Larson’s [10] interaction parameters were used in this work. A

recently developed methodology [34] based on grand canonical Monte Carlo combined with

histogram reweighting was used for the simulations.

Our Monte Carlo results indicate that the cmc decreases linearly as the volume fraction of

oil is increased. The magnitude of this effect is greatest for longer chains at a fixed oil volume

fraction. However, as the solubility of longer chains in the aqueous phase rapidly decreases

with chain length, the overall effect is strongest for the short chains at the solubility limit.

The density profiles for a micellar aggregate have been calculated in good agreement with

predictions by single-chain mean-field theory. The profiles indicate that the core of a micellar
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aggregate consists of oil chains and tail segments of amphiphile chains. Quasichemical

theory generally underpredicts the mutual miscibility of the various components, especially

in regions of the phase diagram that correspond to micellar or microstructured phases.

A major result from the present study is the apparent connection between micellization

and macroscopic phase separation in ternary systems. In the ternary phase diagrams of

H4T4-T-H and H4T4-T2-H, the cmc line ends on the vertex of a three-phase triangle. Thus,

a continuous (structural) transition from a non-micellar to a micellar solution gives way to

a true thermodynamic transition between a non-micellar phase and a microemulsion phase

as the concentration of oil is increased. However, this only takes place for short oil chains

that have appreciable solubility in the aqueous phase in the absence of micelles. For the

longer chains studied (T4), formation of micelles results in significant enhancements of the

solubility of oil, but no new phases are formed.
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FIG. 1: The critical micelle concentration, φcmc, for H4T4 amphiphile chains at reduced

temperature T ∗ = 8 as a function of the volume fraction of added oil in the aqueous phase,

φoil. Lines are drawn through the simulation data points for visual clarity. Points are for T

(squares), T2 (triangles), and T4 (stars) oil chains.
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FIG. 2: Volume fraction of water, head, tail, and oil, 〈φ〉, versus radius, r, through a

micellar aggregate consisting of 66 amphiphile (H4T4) chains and 6 oil (T4) chains. Results

from single-chain mean-field theory are given by dashed lines and Monte Carlo results by

solid lines with symbols: water sites (triangles), head sites (circles), tail sites (squares), and

oil sites (stars).
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FIG. 3: Ternary phase diagram for the amphiphile (H4T4)-oil (T)-water (H) system in terms

of volume fraction at reduced temperature T ∗ = 8. Monte Carlo results are represented

by thick lines and results from quasichemical theory by thin lines. The lower part is an

enlargement of the lower left corner, with the dashed line representing the critical micelle

concentration shown in Fig. 1
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FIG. 4: Ternary phase diagram for the amphiphile (H4T4)-oil (T2)-water (H) system in terms

of volume fraction at reduced temperature T ∗ = 8. Monte Carlo results are represented

by thick lines and results from quasichemical theory by thin lines. The lower part is an

enlargement of the lower left corner, with the dashed line representing the critical micelle

concentration shown in Fig. 1

18



FIG. 5: Ternary phase diagram for the amphiphile (H4T4)-oil (T4)-water (H) system in terms

of volume fraction at reduced temperature T ∗ = 8. Monte Carlo results are represented by

thick lines and results from quasichemical theory by thin lines.
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FIG. 6: Normalized volume fraction of oil, φoil/φ0 in the aqueous phase, where φ0 is the

solubility of oil in the absence of surfactant, as a function of surfactant volume fraction. The

oil is T4 (continuous line), T2 (dashed line) and T (dotted line), respectively.
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FIG. 7: Partition coefficient, K, of oil between the interior of micelles and free solution, as

a function of surfactant volume fraction.
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