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We report the vapor-liquid coexistence densities near the critical point for

polarizable water models, determined by a series of grand canonical Monte

Carlo simulations with the histogram reweighting method. Previously pro-

posed point charge models rescaled to match the experimental permanent

dipole moment in the gas phase were used. Isotropic polarizability was added

to account for three-body and higher order interactions in dense phases. The

coexistence density, vapor pressure and heat of vaporization of the models

were calculated. The models used in this study, including a recently intro-

duced polarizable model that gives good agreement with the experimental

structure, do not give quantitative agreement with the experimental coexis-

tence properties. The potential parameters of the models were varied in an

attempt to improve agreement with experimental values for the coexistence

properties.

1



1 Introduction

Numerous e�orts have been made to model water by a simple potential that

is suitable for molecular simulations. Rahman and Stillinger's study [1] us-

ing the BNS model [2] clari�ed many dynamical and structural features of

liquid water, and since then a number of water models for computer sim-

ulations have been proposed. The SPC [3], the SPC/E [4] and the TIP4P

[5] models are widely used. These models consist of a Lennard-Jones in-

teraction site and point charges which represent the electron distribution of

the water molecule. The total energy of the system is calculated as a sum-

mation of Lennard-Jones and Coulomb interactions between point charges.

The potential parameters are usually �tted to thermodynamic and struc-

tural properties, such as the internal energy, pressure and pair distribution

functions at ambient conditions. In this way, many-body interactions in the

liquid phase are e�ectively accounted for in the parameterization. Thus the

dipole moment of the TIP4P model is 2.18D and that of the SPC model is

2.27D: both are higher than the value of an isolated water molecule, 1.85D,

because the large polarization e�ect in the liquid phase is accounted for by

adjusting the permanent multipole interactions. Therefore, these models do

not represent correctly molecular interactions in the vapor phase. In order to

model water interactions over a broad range of densities and temperatures,

a possible approach is to introduce polarizability in the potential.

Calculation of the phase coexistence properties of some non-polarizable

models can be found in the literature. De Pablo and Prausnitz [6] calculated
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phase coexistence densities for the TIP4P model and found that the criti-

cal temperature for this model is much lower than the experimental value.

For the SPC model, the critical temperature is 10% smaller and the crit-

ical density is 16% smaller than experiment [7]. The coexistence densities

of the SPC/E model [4] shows better agreement with experiment, but the

vapor pressure is too low [8, 9, 10]. In the present work, we have studied

the e�ect of explicit inclusion of polarizability in the potential models on the

vapor-liquid coexistence properties.

A number of polarizable water models have been proposed. Some models

incorporate the polarization e�ect by having polarizability sites; point dipoles

are induced at these sites in response to the electrostatic �elds due to the

surrounding molecules [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Other mod-

els introduce 
uctuation of charges [22, 23, 24, 25] or intra-molecular degrees

of freedom for the atomic sites [26, 27, 28, 29]. We chose to introduce a sin-

gle polarizability site on a molecule for reasons of simplicity. We calculated

the phase coexistence properties near the critical point for four polarizable

point charge models: the polarizable TIP4P model (TIP4P/P), the polar-

izable SPC model (SPC/P), the SCPDP model of Chialvo and Cummings

[20], the model of Kozack and Jordan [17] (KJ), and some variations of the

polarizable TIP4P model. We used grand canonical Monte Carlo simulations

with the histogram reweighting method [30] for our calculations.
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2 Model

For the polarizable SPC model and the polarizable TIP4P model, the charges

of the original models were rescaled, while maintaining the molecular geom-

etry and Lennard-Jones interaction parameters, to give a dipole moment

equal to the experimental value in the gas phase, 1.85D. An isotropic point

polarizability equal to the experimental value of 0.001444 nm3 [31] was in-

troduced on the interaction site of the negative charge. Two polarizable

literature models were also studied, the Kozack-Jordan (KJ) model [17] and

the SCPDP model [20]. The polarizability of the KJ model is also located on

the negative charge, and the parameters of the KJ model were obtained by

matching the experimental dipole and quadrupole moments and the second

virial coe�cients in the gas phase. On the other hand, for the SCPDP model,

the polarizability is on the Lennard-Jones interaction site, and the authors

�tted the potential parameters to reproduce the experimental pressure, in-

ternal energy and the structure at ambient conditions. In general, the total

interaction of these potential models can be written as [32]

U = Ucc + Ucd + ULJ (1)

with

Ucc =
X
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Ucc, Ucd, and ULJ denote the charge-charge interaction, the charge-induced

dipole interaction, and the Lennard-Jones interaction, respectively. rki, rpi,

and rLJi
are the position vectors of the charge site k, of the polarization

point, and of the Lennard-Jones interaction site of molecule i, respectively;

Qki is the charge at site k on molecule i; �LJ and �LJ are the Lennard-Jones

interaction parameters; mi is the induced dipole of molecule i; � is the po-

larizability tensor; Ec
i is the local electrostatic �eld on the polarization point

of molecule i due to charges on other molecules. For the electrostatic in-

teraction, we employed the Ewald sum [33] to account for the long range

interaction. The geometry and the parameters of these models are shown

in Table 1 together with the parameters of the original TIP4P and the SPC

model.

3 Simulation details

For determination of vapor-liquid coexistence and calculation of the coexis-

tence properties of the water models, we used grand canonical Monte Carlo

(GCMC) simulations together with the histogram reweighting method. In a

GCMC simulation, the chemical potential, the volume, and the temperature
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are �xed parameters that determine the thermodynamic state. Microstates

having a range of values of the number of molecules, N , and internal energy,

U , are sampled according to the partition function of the ensemble. At each

Monte Carlo step, a new microstate is generated by displacement, rotation

and creation or destruction of a molecule. We used 25% of the Monte Carlo

steps for each of these four types of move. The energy contribution from

the polarization e�ect was calculated by an iterative procedure [34, 35, 19].

The iteration was continued until the energy di�erence between the succe-

sive estimations was less than 0.01% of the energy. To satisfy this criterion,

approximately �ve iterations were necessary for the convergence of energy

at each Monte Carlo step. To use the histogram reweighting method, the

number of observations of a particular N and a particular U value of the

system was stored in the form of a histogram during each GCMC simulation

[30, 36, 37]. The grid of the histogram for energy per molecule was chosen

to be 0.1 kJ/mol. In order to have good sampling of microstates over a wide

range of N and U values, we performed several simulations with di�erent

chemical potentials and temperatures. In each GCMC simulation, the vol-

ume of the simulation box was (6 � �LJ)
3 and the length of each simulation

was either one half or one million steps. The histograms obtained from all the

simulations were combined to calculate vapor-liquid coexistence properties,

using the method proposed by Ferrenberg and Swendsen [38]. Pressure was

calculated using the virial theorem [35] for low density phases, and the pres-

sures at other conditions were extrapolated using the histogram [30, 36, 37].

For the TIP4P/P model, �ve sets of simulations for each chemical potential
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and temperature were performed in order to estimate the approximate uncer-

tainties in simulation results. We used the square root of the variance of the

mean of the �ve sets of values obtained from the �ve sets of simulations as

the error estimate. The theoretical basis and the detailed procedure of calcu-

lation of thermodynamic properties and determination of phase coexistence

are described elsewhere [30, 36, 37].

4 Results

The calculated coexistence densities of the four polarizable models are shown

in Table 2 and Figure 1. We estimated the approximate values of the crit-

ical temperature and density by �tting the simulation results to the law of

rectilinear diameters and a scaling law, assuming that the models obey the

Ising exponent (� = 0:326). The results are summarized in Table 3. The

empirical law of rectilinear diameter is known to be violated near critical

points [39, 40]. However, our simulation results are not accurate enough to

observe the deviation from the law of rectilinear diameters. The estimated

critical temperatures of the TIP4P/P, the SPC/P, and the SCPDP model

are smaller than experiment by 10%, 15%, and 17%, respectively, and the

critical temperatures of the KJ model is 6% larger than the experimental

value. The estimated critical densities of these models are within 10% from

the experimental value for all the models studied. The vapor pressures of

the TIP4P/P, the SPC/P, and the SCPDP model are too high for the range

of temperature studied. The vapor pressure of the KJ model is too low, in
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accordance with the high critical temperature of the model (see Figure 2).

The heat of vaporizations of the models were also calculated, using the data

obtained for energy, pressure, and density (see Figure 3). In general, the co-

existence densities of the models we used do not show good agreement with

experiment [41, 42].

We made some attempts to optimize the potential parameters to �t the

coexistence curve to experimental results. Based on the TIP4P/P model,

we varied the Lennard-Jones parameters �LJ and �LJ , the position of the

negative charge, and the distance between charges. In the �rst variation,

the �LJ was reduced by 1% and the other parameters were unchanged. In

the second, the �LJ was reduced by 20% and the other parameters were

unchanged. In the third, the position of the negative charge was shifted

towards the positive charges on the H-O-H bisector by 0.005nm, keeping other

parameters, except charges, unchanged. In the fourth, the distance between

the positive and negative charges was reduced by 1% (other parameters,

except charges, unchanged). In the third and the fourth variations, the

magnitude of charges were scaled so that the dipole moment for each model

remained 1.85D. The results are shown in Figure 4. It is found that a small

change in the parameters results in large changes in the values of coexistence

density and in the location of critical point; for example, a 1% reduction

in �LJ gives about a 10% increase in critical temperature. Interestingly, a

smaller �LJ results in a more attractive total interaction energy and a higher

critical temperature, because it gives a less steeply repulsive part of the

interaction at small separations and permits closer proximity of the partial
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charges. (�LJ a�tects both the well depth (�LJ) and the steepness of the

repulsion (4�LJ � �
12
LJ) for a �xed �LJ .)

The polarizable models that we use do not reproduce well the experimen-

tal structure of liquid water at ambient conditions. The original KJ model

has been reported not to show good ambient structure [17]. Since liquid

structure is sensitive to the detail of the short range repulsive interaction, it

may be necessary to improve that part of the potential to reproduce both cor-

rect coexistence properties and correct ambient structure by the polarizable

water models.

5 Conclusions

In the course of modeling interaction of water molecules in a broad range of

density and temperature, we calculated the vapor-liquid coexistence proper-

ties of four polarizable water models, namely polarizable TIP4P, polarizable

SPC, SCPDP, and the Kozack and Jordan model, using GCMC simulations

with the histogram reweighting method. The models we used in this study do

not give a quantitative agreement with the experimental coexistence proper-

ties at elevated temperatures. Even the recently proposed polarizable model,

the SCPDP model, which reproduces the thermodynamic properties and the

structure at ambient conditions fairly well, does not give accurate coexistence

properties. Our attempts at re-parameterization of the polarizable TIP4P

model show that a small changes in the potential parameters can sigini�-

cantly change the coexistence properties. The models for which parameters
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are adjusted to critical constants do not seem to reproduce experimental

ambient structure. It may be necessary to improve the short range repul-

sive part of the potential in order to reproduce both correct phase behavior

near the critical point and correct ambient structure. In a di�erent approach,

M�uller and Gubbins [43] �tted the potential parameters of a model composed

of a Lennard-Jones interaction site, a point dipole moment, and four square

well interaction sites that mimic the hydrogen bonding, to reproduce the ex-

perimental coexistence curve. Unlike the models with a point polarizability,

the square well interaction sites represent a deep and localized interaction.

The success of the M�uller and Gubbins [43] model suggests that describing

properly the deep local minima associated with hydrogen bonding may be

essential to describing the thermodynamic behavior of water.
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Table 1: Geometry and parameters for water models. The position of the

negative charge (denoted M) for TIP4P/P, SCPDP and KJ is shifted from the

position of oxygen atom (Lennard-Jones site) by r(OM) toward the direction

of the permanent dipole. m0 is the permanent dipole moment and � is the

polarizability.

TIP4P/P SPC/P SCPDP KJ TIP4P SPC

r(OH) /nm 0.09572 0.1 0.1 0.0957 0.09572 0.1

6 HOH /deg 104.52 109.47 109.5 104.5 104.52 109.47

�LJ /kJ�mol�1 0.6490 0.6490 0.7696 1.7585 0.6490 0.6490

�LJ /nm 0.3154 0.3167 0.3221 0.317 0.3154 0.3167

QO /e -0.6690 +1.2456 -0.82

QH /e +0.4418 +0.3345 +0.4049 +0.6228 +0.52 +0.41

QM /e -0.8836 -0.8098 -2.4912 -1.04

r(OM) /nm 0.015 0.01 0.0138 0.015

m0 /D 1.85 1.85 1.85 1.85 2.18 2.27

�=nm3 0.001444 0.001444 0.001444 0.00147 0 0
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Table 2: Coexistence properties of polarizable water models. �, u, Pv, and

�H denote density, potential energy, vapor pressure, and heat of vaporization

respectively. Subscripts indicate gas (g) or liquid (l) phase. For the TIP4P/P

model, statistical errors in the last decimal point are shown in parentheses.

model T/K �g=g�cm
�3 �l=g�cm

�3 ug=kJ�mol
�1 ul=kJ�mol

�1 Pv=bar �H=kJ�mol�1

TIP4P/P 530 .049(1) .811(3) -3.4(1) -29.3(1) 68(3) 28.2(2)

540 .059(1) .783(4) -4.0(1) -28.3(1) 84(3) 26.7(2)

550 .073(1) .738(8) -4.7(0) -26.9(2) 101(3) 24.4(2)

560 .092(3) .686(9) -5.7(1) -25.4(2) 122(3) 21.7(3)

570 .119(6) .632(7) -7.0(0) -23.8(1) 144(3) 18.6(4)

SPC/P 510 .056 .792 -3.5 -28.2 89 27.3

520 .070 .756 -4.4 -24.0 107 25.1

530 .091 .677 -5.6 -24.8 128 21.4

540 .122 .600 -7.1 -22.8 152 17.4

SCPDP 480 .036 .758 -2.5 -28.1 45 27.7

490 .045 .734 -3.1 -27.1 58 26.2

500 .056 .691 -3.8 -25.6 73 24.0

510 .070 .640 -4.7 -24.2 89 21.5

KJ 610 .054 .699 -3.7 -28.8 104 28.3

620 .063 .685 -4.2 -28.1 120 27.1

630 .073 .668 -4.7 -27.4 137 25.7

640 .086 .645 -5.4 -26.4 156 23.8

650 .104 .615 -6.3 -25.3 177 21.5

660 .126 .578 -7.3 -24.0 199 18.9
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Table 3: Estimates of critical temperature and density of polarizable water

models. For the TIP4P/P model, statistical errors in the last decimal point

are shown in parentheses. Experimental values are from reference [42].

model Tcr /K �cr=g � cm
�3

TIP4P/P 587(3) 0.35(2)

SPC/P 551 0.34

SCPDP 538 0.32

KJ 685 0.34

experiment 647 0.32
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Figure 1: Coexistence density of polarizable water models. Circles are for

the TIP4P/P model, squares are for the SPC/P model, triangles are for

the SCPDP model, and diamonds are for the KJ model. The solid line is

the experimental result [37]. Estimated critical points are shown as �lled

symbols. The statistical errors are shown for the TIP4P/P model.
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Figure 2: Vapor pressure of polarizable water models. Key as in �gure 1.
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Figure 3: Heat of vaporization of polarizable water models. Key as in �gure

1.

20



0.0 0.2 0.4 0.6 0.8
ρ/g cm

−3

450

550

650

T/K

Figure 4: Coexistence density for variations of the TIP4P/P model. Squares,

�LJ is reduced by 1%; upright-triangles, �LJ was reduced by 20%; diamonds,

the negative charge was shifted twards the positive charges on the H-O-H

bisector by 0.005nm; left-triangles, the distance between the positive and

negative charges was reduced by 1% from the original TIP4P/P model. The

experimental results and the results of the original TIP4P/P are shown by

the solid line and circles, respectively.

21


